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Abstract

Photon-counting inverse problems connect a physical measurement model to a statistical estima-
tor. This report develops the linear Poisson model Yi ∼ Poisson((Ax)i) for a 3×3 parameter field,
derives its likelihood and Fisher information, and obtains a nonnegative expectation-maximization
(EM) update from latent counts. The central distinction is between improving the likelihood of
observed data and recovering the unknown field accurately: one does not guarantee the other.

The model is an educational tomography problem with emission-style additive intensities. It is
not the exponential attenuation model of transmission X-ray CT. A controlled, seeded Monte
Carlo study accompanies the derivation, with a fixed sensing matrix, explicit gain normalization,
and a Cramér–Rao reference evaluated at the true parameters. These choices make the figures
reproducible and keep numerical conclusions within the model actually simulated.

Unknown field
x ∈ R9

+

Count measurements
Y ∼ Poisson(Ax)

EM estimate
x(t+1)

forward model inverse problem

What the study establishes

Across 40 000 simulated trials, the final EM error is approximately 17% below that of the clipped
least-squares initialization. Its gain-normalized MSE follows the Fisher-information reference
within Monte Carlo uncertainty. A single-trial trace also shows error increasing during early
likelihood ascent, demonstrating why data fit and reconstruction quality must be evaluated sep-
arately.
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1 Measurement model and geometry

The statistical model used here

Let A ∈ Rm×n
+ be known, with m = 16 measurements and n = 9 unknown nonnegative intensities.

Distinct observations are independent:

Yi ∼ Poisson(µi), µi = (Ax)i =
n∑

j=1
aijxj . (1)

The binary weights used in this study indicate which pixels contribute to each observation. They
are an idealized sensing design, not a calibrated scanner geometry. Full column rank, rather than
a universal requirement for 16 rays, is the relevant identifiability condition for this linear mean
model.
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Figure 1: Two rows of the fixed sensing matrix. The totals Yi are random counts; the sums shown are
their expectations. Pixel indices run left to right, then top to bottom.

How this differs from transmission CT

For an ideal monoenergetic transmission model, detected photons have mean

ȳi = I0,i exp

−
∑

j

lijαj

+ ri, (2)

where αj is an attenuation coefficient, lij a path length, I0,i an incident intensity, and ri a
background mean. The exponential describes attenuation along the path [3]. A logarithm can
linearize the noiseless, background-free relation, but it does not preserve a Poisson distribution.
Equation (1) is therefore analyzed on its own terms; xj is an intensity, not a physical CT atten-
uation coefficient. The additive construction is consistent with the mathematical structure used
in emission reconstruction [2].

Table 1: Notation used consistently throughout the report.

Symbol Meaning Dimension

A Known nonnegative sensing matrix 16 × 9
x, b Intensity vector and fixed base vector, x = gb 9 × 1
Y , y, µ Random counts, observed counts, and mean Ax 16 × 1
Nij Unobserved contribution of pixel j to count i Scalar
g, t, R Gain, iteration index, and Monte Carlo trial count Scalars
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2 Likelihood and statistical information

A constrained likelihood objective

Given an observed count vector y, independence gives

L(x; y) =
m∏

i=1

e−(Ax)i(Ax)yi
i

yi!
, (3)

ℓ(x; y) =
m∑

i=1
[yi log(Ax)i − (Ax)i − log Γ(yi + 1)] . (4)

The estimate maximizes ℓ over x ≥ 0. Use 0 log µ = 0 for zero counts, including the continuous
extension at yi = µi = 0. A positive count with zero predicted mean has log likelihood −∞. The
likelihood itself is not set to zero to obtain an optimum; one uses the score in the interior or
constrained optimality conditions on the boundary.

The generalized KL divergence, also called I-divergence, is

D(y∥Ax) =
∑

i

[
yi log yi

(Ax)i
− yi + (Ax)i

]
. (5)

It differs from −ℓ(x; y) only by terms independent of x. Thus minimizing this divergence and
maximizing the Poisson likelihood give the same solutions. The logarithm is of a ratio, not a
ratio of logarithms. Neither vector needs to sum to one.

Fisher information and the Cramér–Rao reference

At a point with positive means, the score and Hessian are

∇ℓ(x) = AT
(

y

Ax
− 1

)
, (6)

∇2ℓ(x) = −AT diag
(

yi

(Ax)2
i

)
A. (7)

Division in vector expressions is elementwise. Taking the expected negative Hessian yields

Ix(x) = AT diag
( 1

(Ax)i

)
A, Cov(x̂) ⪰ Ix(x)−1. (8)

The covariance inequality requires an unbiased estimator and the usual interior regularity condi-
tions. Full column rank and positive means make Ix positive definite. A finite-iteration, nonneg-
ative EM estimator may be biased; the ordinary CRLB is then a reference, not a universal lower
bound on its MSE.

Why gain normalization changes the trend

For x = gb and fixed A, Ix(gb) = Ix(b)/g. Absolute variance in x therefore has a reference
proportional to g. Error on the base-intensity scale uses b̂ = x̂/g and has reference

Cb(g) = 1
ng2 tr

[
Ix(gb)−1

]
= 1

ng
tr
[
Ix(b)−1

]
. (9)

The expected 1/g decrease concerns this normalized error. Increasing an additive intensity is not
equivalent to increasing an attenuation coefficient in Equation (2).
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3 Expectation maximization

Complete data and the E step

Introduce independent latent variables Nij ∼ Poisson(aijxj) with Yi =
∑

j Nij . Conditional on
the total, the vector of contributions is multinomial:

(Ni1, . . . , Nin) | Yi = yi, x(t) ∼ Multinomial
(

yi;
ai1x

(t)
1

µ
(t)
i

, . . . ,
ainx

(t)
n

µ
(t)
i

)
. (10)

Its marginal conditional expectation is

N̂
(t)
ij = E[Nij | yi, x(t)] = yi

aijx
(t)
j

(Ax(t))i
. (11)

When aij = 0, Nij = 0 almost surely; that term contributes zero. This is a superposition of
Poisson counts, not a finite mixture distribution.

The M step and multiplicative update

Dropping terms constant in x, the expected complete-data log likelihood separates by pixel:

Q(x | x(t)) =
∑
i,j

[
N̂

(t)
ij log(aijxj) − aijxj

]
+ C, (12)

∂Q

∂xj
=
∑

i N̂
(t)
ij

xj
−
∑

i

aij . (13)

Set the derivative to zero, with the boundary value zero if the expected total is zero. Writing
s = AT1 gives

x(t+1) = x(t) ⊙
AT
(
y/(Ax(t))

)
AT1 (14)

Here ⊙ denotes elementwise multiplication. With valid initialization and an exact M step, EM
makes the observed likelihood nondecreasing [1]. This form is the classical multiplicative Poisson
reconstruction update [2].

A numerically explicit implementation

% A is m-by-n, y and x are column vectors; s > 0.
s = sum(A, 1)’;
for t = 1:max_iter

mu = A*x;
assert(all(mu > 0 | y == 0));
ratio = zeros(size(y));
use = (mu > 0);
ratio(use) = y(use)./mu(use);
x_new = x .* (A’*ratio) ./ s;
relative_change = norm(x_new-x)/max(norm(x), realmin);
x = x_new;

end

Initialize every coordinate strictly positively: a zero coordinate is locked at zero by the multiplica-
tive update. Check finite inputs, nonnegative weights and counts, nonzero column sensitivities,
and likelihood ascent. For exact likelihood values, use gammaln(y+1); no Stirling approximation
is needed. The companion script implements the same update in batched NumPy form.
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4 Controlled numerical study

The revised study fixes the geometry and underlying field so that another run can reproduce
the comparison. It is a new synthetic verification experiment, separate from the unseeded legacy
figures. No clinical images enter the estimator.

Table 2: Experiment settings used for all reported numerical results.

Setting Value

Sensing design Predefined 16 × 9 matrix from main.m; rank 9
Base intensity bT (120, 240, 360, 180, 720, 300, 90, 420, 540)
Gain and observations g ∈ {0.1, 1, 5, 10}; Yi ∼ Poisson((Agb)i)
Monte Carlo size 10 000 independent trials per gain; 40 000 total
Random generator NumPy PCG64; seed 20260929
Initialization x(0) = max(lstsq(A, y), 10−8) elementwise
Iteration budget 1 000 updates; checkpoints at 0, 20, 200 and 1 000
Information reference Ix(gb) evaluated at the true intensity gb

Fixed geometry and field

The matrix below is the one illustrated in Section 1. Its binary entries specify pixel membership;
diagonal paths are not weighted by physical path length. The original script subsequently over-
writes this matrix with a random one. That overwrite is deliberately excluded from the controlled
study.

A =



0 0 0 0 0 0 1 1 1
0 0 0 1 1 1 0 0 0
1 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 1



120 240 360

180 720 300

90 420 540

Base field b
arbitrary intensity units

Error and simulation uncertainty

For trial r, let qr(g, t) = ∥x
(t)
r /g − b∥2

2/n. The reported MSE is q̄ = R−1∑
r qr, and its Monte

Carlo standard error is sq/
√

R, with sq the sample standard deviation across independent trials.
Approximate 95% Monte Carlo intervals use q̄±1.96sq/

√
R. These quantify simulation uncertainty

in the average error, not uncertainty in an individual reconstructed pixel.
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5 Estimation error across signal gain

The gain-normalized MSE falls as the photon intensity increases. At 1 000 updates, EM reduces
average error by approximately 17% relative to its clipped least-squares initialization at each
gain. The measured MSE-to-CRLB ratios range from 0.998 to 1.007, with all four Monte Carlo
intervals covering the reference value.
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Figure 2: Left: gain-normalized estimation error and true-parameter CRLB. Both axes are logarithmic.
Right: EM-to-CRLB ratios with approximate 95% Monte Carlo intervals; the vertical axis is deliberately
focused around one. Each point uses 10 000 independent trials. Line segments on the left connect the
four tested gains.

Table 3: Final error after 1 000 updates. MSE and CRLB are divided by g2; intervals describe
uncertainty in the Monte Carlo mean.

Gain MSE 95% MC interval CRLB Ratio

0.1 2,106.72 [2,084.11, 2,129.34] 2,110.20 0.9984
1 210.66 [208.43, 212.89] 211.02 0.9983
5 42.49 [42.05, 42.94] 42.20 1.0069

10 21.16 [20.94, 21.39] 21.10 1.0029

Reading the comparison correctly

Equation (9) predicts a reference proportional to 1/g, and the simulation follows that scale. The
slight excursions above and below the CRLB are smaller than the reported simulation uncertainty.
They do not establish finite-sample efficiency or violate the bound: unbiasedness has not been
proved for this constrained estimator.

The comparison holds the matrix and base field fixed. It measures the effect of gain for this
particular nine-parameter design; it does not average over different anatomies, sensing geometries,
or scanner noise mechanisms. The script also records the empirical bias–variance decomposition
to make that distinction inspectable.
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6 Likelihood ascent and reconstruction error

The first trial at g = 1 makes the difference between optimization and estimation visible. Its
exact log likelihood rises from −68.837 to −67.373. Its MSE initially increases before falling from
36.07 at initialization to 33.17 after 1 000 updates. The data fit improves monotonically; the error
to the true field does not.

0 10 20 30 40 50
0

0.5

1

1.5

EM updates

ℓ(
x

(t
) )

−
ℓ(

x
(0

) )

Observed likelihood improvement

0 10 20 30 40 50
32

34

36

38

EM updates
M

SE
in

ba
se

-in
te

ns
ity

un
its

sq
ua

re
d Error to the true field

Figure 3: One specified trial, not a Monte Carlo average. The first 50 updates are displayed; the full
0–1 000 trace is saved in trace.csv. The right axis is focused to show the nonmonotonic error. A
likelihood plateau alone does not establish exact recovery.

Iteration count is not a stopping certificate

For each trial define δt = ∥x(t) − x(t−1)∥2/ max(∥x(t−1)∥2, ε), where ε is the smallest positive
normal floating-point number. At 20 updates, almost no trials satisfy δt < 10−6. At 200 updates,
all trials do, although the average MSE was already close to its final value after 20 updates.

Table 4: Fraction of trials meeting the iterate-change threshold and frequency of an invalid
unconstrained EM starting point. Each column uses 10 000 trials per gain.

Gain δ20 < 10−6 δ200 < 10−6 Any negative LS coordinate

0.1 0.00% 100.00% 2.57%
1 0.01% 100.00% 0.00%
5 0.15% 100.00% 0.00%

10 0.42% 100.00% 0.00%

The positivity correction matters at the lowest gain: 2.57% of least-squares initializations contain
a negative coordinate. Clipping makes the initialization valid for multiplicative EM, but is not
itself a nonnegative least-squares optimization. Its effect is recorded explicitly in the experiment.

Across 40 million trial-level updates, the largest floating-point likelihood decrease is 1.62 × 10−10,
within the stated tolerance 10−9(1 + |ℓt−1|). This is a numerical check of the implemented up-
date. A small iterate change is a practical diagnostic; a stronger optimization certificate would
additionally assess the constrained score conditions.
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7 Implementation audit and interpretation

Reconciling the original report with the repository

The legacy PDF describes 200 Monte Carlo runs and a gain sweep from 0.1 to 100. The checked-in
main.m instead specifies 10 000 runs, 20 EM updates, and gains [0.1, 1, 5, 10]. Its random matrix
and base field are not seeded. Consequently, the archived figures cannot be assigned the revised
study’s conditions or numerical values.

Table 5: Material differences addressed in the report supplement. The legacy MATLAB files are
retained for provenance.

Issue Legacy behavior Controlled study

Forward model Additive counts described as CT
absorption

Linear Poisson intensities
distinguished from transmission
attenuation

Sensing matrix Predefined matrix overwritten by
random rows

Fixed full-rank matrix, printed in full

Gain normalization Division by loop index gain_valˆ2 Division by physical gain g2

Horizontal axis Plot receives values only, hence uses
indices

Actual gains shown on a numeric
logarithmic axis

Initialization Unconstrained inverse normal
equations

Least-squares solve followed by a
positive floor

Information matrix Evaluated at current estimate X Evaluated at the known true vector gb

Log likelihood Stirling expression includes 0 log 0 Exact log factorial and explicit
zero-count convention

Stopping evidence Fixed 20 updates Reported checkpoints and
relative-change diagnostics

What a successful EM run does and does not imply

The Hessian in Section 2 is negative semidefinite, so the objective is concave on its valid domain.
A constrained stationary solution is globally optimal, but this does not prove that a finite iteration
budget has reached it. Strict concavity and uniqueness depend on the informative rows; full rank
alone does not make every realized-data Hessian negative definite when counts vanish.

Likelihood ascent measures fit to one noisy count vector. MSE measures distance to a truth
that is known only in simulation. A higher likelihood need not reduce MSE, and a nonnegative
estimator can have MSE below the ordinary unbiased CRLB through bias. The report therefore
treats likelihood, estimation error, and numerical stopping as separate checks.

Scope of the imaging conclusion

The experiment verifies a small statistical inverse problem. It does not establish diagnostic perfor-
mance, patient-dose savings, or image quality at clinical resolution. Extensions to transmission
CT require the exponential forward model, scanner geometry and calibration, and appropriate
treatment of background and electronic noise. At low counts, mixed Poisson–Gaussian modeling
can become relevant [4]. Regularization and a stopping rule should be evaluated against the
intended reconstruction task, rather than inferred from likelihood ascent alone.
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8 Reproducibility and references

Reproduce the numerical evidence

Run the following from the repository root with Python 3 and NumPy. The recorded run uses
NumPy 2.3.5. Changing the seed, trial count, iteration budget, or library version may change
the last displayed digits or the experiment itself.
python3 report/scripts/reproduce.py --trials 10000 \

--iterations 1000 --seed 20260929

The script writes report/data/results.json, summary.csv, and trace.csv. The first contains
the full design and diagnostics, the second contains gain-by-iteration summary statistics, and
the third contains the first gain-one trial at every iteration. Likelihood monotonicity is checked
across all trials and updates within a floating-point tolerance. A noiseless fixed-point check and
a scalar-versus-vectorized update check exercise the algebra independently.

Edit and build the report

Medical_Imaging.tex is a standalone source with embedded vector diagrams and plot coordi-
nates. It opens directly in the built-in LaTeX editor. A conventional TeX environment can also
compile it with the packages listed in its preamble. Numerical data are embedded to keep com-
pilation independent of external figure files; after rerunning an altered experiment, update the
plotted coordinates and reported values together.

Table 6: Files accompanying this edition.

File or directory Role

Medical_Imaging.pdf Revised report
Medical_Imaging.tex Editable source and vector figures
report/scripts/reproduce.py Deterministic simulation and checks
report/data/ Numerical results behind the figures
report/legacy/ Preserved original Word-exported report
main.m, EM_algorithm.m Historical MATLAB implementation
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